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We study the origins of multiple mechanically stable states exhibited by an elastic shell comprising multiple
conical frusta, a geometry common to reconfigurable corrugated structures such as ‘bendy straws’. This multi-
stability is characterized by mechanical stability of axially extended and collapsed states, as well as a partially
inverted ‘bent’ state that exhibits stability in any azimuthal direction. To understand the origin of this behavior,
we study how geometry and internal stress affect the stability of linked conical frusta. We find that tuning geo-
metrical parameters such as the frustum heights and cone angles can provide axial bistability, whereas stability
in the bent state requires a sufficient amount of internal pre-stress, resulting from a mismatch between the natural
and geometric curvatures of the shell. We analyze the latter effect through curvature analysis during deforma-
tion using X-ray computed tomography (CT), and with a simple mechanical model that captures the qualitative
behavior of these highly reconfigurable systems.
Elastic shells that can undergo snap-through transitions be-
tween different mechanically stable states provide a powerful
means to design shape programmable structures with adapt-
able form and function [1]. Perhaps the simplest example is a
thin hemispherical shell, which can be turned ‘inside-out’ to
yield a locally stable configuration. Numerous studies have
aimed to understand the complex geometric and mechanical
relationships underlying such behavior, and to thereby enable
the design of reconfigurable elastic structures [2–6]. The re-
sulting reconfigurable shells have found applications such as
switchable micro-lenses [7], microfluidic pumps [8], and ac-
tuators [9–11]. Complementing these engineered examples,
many biological mechanisms have been uncovered that ex-
ploit snap-through transitions between mechanically stable
states of slender elastic structures to achieve rapidmotion [12–
15].
While much of the literature has focused on bistability, sys-
tems that support multiple stable states are attractive for the
design of highly reconfigurable structures. Interestingly, such
multistability can often be found in the simple motif of corru-
gated cylindrical shells exemplified by a ‘bendy straw’. This
motif consists of repeating units of two non-identical conical
frusta in opposing orientations, usually connected at a thin-
ner ‘crease’-like region (Fig.1). Multistability in this specific
geometry is manifested in the following two ways. Switching
between extended and collapsed states through a full inversion
of one frustum, referred to here as ‘axial bistability’, changes
the length of the structure. Additionally, such shells often
show stability in a partially inverted (non-axially symmetric)
‘bent’ state, where the bending direction can be continuously
varied while preserving mechanical stability. The versatility
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Figure 1. (Top) Multistability of a Pop Toob demonstrated by de-
forming it into an arbitrary 3D space curve containing extended, col-
lapsed, and bent subunits (overlaid). (Bottom) An initially straight
section of bendy straw reconfigured into a planar projection of the
Stanford bunny model [16].
of this architecture can be seen in Fig.1, where an arbitrary
three-dimensional space curve and a planar projection of the
Stanford bunny [16] are formed. Similar geometries can be
found in other commercial products such as transport ducts
and collapsible camping containers, but the patent literature
fails to explore the fundamental mechanisms underlying mul-
tistability [17–21].
Axial bistability between extended and collapsed states for
each unit of the structure can be understood in much the same
manner as for the hemispherical shell described above. Full
inversion of a conical frustum leads to a nearly isometric shape
devoid of stretching except at the boundary with the neighbor-
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2Figure 2. (A) RCF geometry (collapsed state shown in dashed grey). (B) Four-part, 3D-printed negative molds used for curing RCF using
poly(vinyl siloxane) elastomer. (C) Response under axial load for samples with fixed 훼1 = 45표, 훼2 = 35표, and varying ℎ1. Shaded regionsshow the max/min values around the mean for two runs on three different samples each.(D) Stability of elastic RCF with varying ℎ1 and 훼1,recorded for at least 3 samples for each point shown, denoted as monostability (◯), and axial bistability (▮).
ing cone, whereas states intermediate between the two mirror
symmetric shapes require stretching of the cone itself. Since
the material in the crease is thinner, or otherwise weakened,
compared to the rest of the shell, this means that the fully in-
verted state represents a local minimum in stretching energy,
thereby providing mechanical stability as long as the bend-
ing energy cost for inversion is not too large (i.e., the shell
is sufficiently thin compared to its overall dimensions) [22].
However, mechanical stability in the partially inverted state
is not as easily understood, yet is vital to the utility of these
highly reconfigurable structures.
GEOMETRY AND FABRICATION
To better understand the behavior of the bendy straw,
we simplify the geometry to a single pair of non-identical
opposed ‘reconfigurable conical frusta’ (RCF) as shown in
Fig.2A. The two frusta are defined by the shell thickness (푡)
and base radius (푅), as well as the cone heights (ℎ1 and ℎ2)and slant angles (훼1 and 훼2) for both the ‘upper’ and ‘lower’frustum. Note that one height or angle is constrained by the
fact that 푅 is the same between the two frusta. We intro-
duce creased regions (fixed at 푡푐 = 0.5푡) at the conical basesto guide inversion along this boundary and approximate the
thinned portion found in commercial products. We note that
the boundary constraints on the two conical bases are impor-
tant for multistability, and are provided by the neighbouring
units in a bendy straw. Here, we impart similar constraints to
RCF by connecting the base of each cone to a thick (5 mm)
cylindrical shell, which forces these boundaries to remain cir-
cular and facilitates gripping during mechanical characteri-
zation. We reduce the remaining five-dimensional parameter
space for the RCF (푡, 푅, ℎ1, 훼1, 훼2) by choosing several pa-rameters to match a toy model (Pop Toob, Poof-Slinky Inc.,
USA), i.e., 푡∕푅 = 0.017 (with absolute dimensions increased
two-fold to 푡 = 0.5 mm) and Δ훼 ≡ 훼1 − 훼2 = 10표, leaving atwo-dimensional parameter space spanned by ℎ1 and 훼1.
To fabricate elastic RCF , we use a room temperature cur-
able, two-component poly(vinyl siloxane) elastomer (PVS,
Elite double 32, Zhermack Inc., Italy; 푌 = 1.36 MPa) for
its ease of handling and consistent material properties. We
impart the proper RCF geometry to PVS shells by designing
3D printed, four-part negative molds (Fig.2B), inside which
the PVS mixture can be cured (after degassing) to obtain
RCF with the desired geometries (see SI).
CHARACTERIZING RCF STABILITY
We establish the stability of fabricated elastomeric RCF by
manipulating them into each shape (extended, collapsed,
and bent) by hand, with further quantification provided by
load/displacement measurements – all carried out with the
conical bases rigidly constrained to remain circular using 3D
printed grips (see SI).We begin by testing stability for a scaled
model of the Pop Toob (ℎ1 = 6 mm, 훼1 = 45표), which surpris-ingly shows only monostability (denoted by◯, Fig.2D). This
is further reflected in the axial load-displacement curve (red
curve, Fig.2C), which initially shows a monotonic increase in
force, followed by a softening when the lower frustum inverts,
without the load ever dropping to zero. Exploring the param-
eter space further, we observe that setting ℎ1 > 6 mm and
훼1 < 60표 results in elastic RCF with axial bistability (denoted
3by ▮). Here, the response of samples under axial displacement
is characterized by a vanishing force around Δ푧 = 8 mm, in-
dicating a loss of contact between shell and indenter as the
lower frustum snaps through to an inverted state (Movie M1).
The appearance of axial bistability for a sufficiently large cone
height is in accordance with the conventional understanding
that a sufficiently thin shell is bistable between mirror inver-
sions. However, all of the elastic RCF tested here lack stabil-
ity in the bent state, failing to capture the multistability that
makes the commercial products so useful for shape reconfig-
uration.
EFFECT OF GEOMETRICAL FRUSTRATION ON
RCF STABILITY
To further investigate the observed lack of stability in the
bent state, we reconsider the commercial products that moti-
vate our study. Remarkably, upon cutting axially along one
side, the corrugated sections with original base radius푅 relax
by opening up to a natural base radius 푅푛 (Fig.3).
This behavior, indicative of a built-in pre-stress, is consis-
tent among several thermoplastic and elastomeric products,
including Pop Toob, a collapsible dog bowl (Roysili, USA),
and bendy straws. Relieving this pre-stress deprives the struc-
tures of stability in both the inverted and bent states, leaving
them with a smooth, accordion-like deformation, as shown
in Movie M2 for Pop Toob. Gluing the structure back to the
starting radius 푅 restores multistability. In contrast, closing
the sample at its natural radius푅푛 by gluing in an extra sectionfrom another unit restores the topology of the original sample
without introducing pre-stress; such samples are also monos-
table. These observations suggest that sufficient pre-stress,
as a result of curvature mismatch, is a necessary condition for
stability in the partially inverted bent state, whereas our results
on elastic RCF indicate that axial bistability can be achieved
for samples of appropriate geometry without pre-stress.
Figure 3. Effect of overcurvature onmultistability of a Pop Toob:
Cutting amultistable sample opens the structure from an original cur-
vature푅 to a natural curvature푅푛. Gluing the unit back to its originalovercurved state restores the multistability (lower left), whereas glu-
ing the unit at the natural radius 푅푛 using an extra piece fails to doso (lower right).
Stress induced by geometrical frustration is known to af-
fect the mechanical equilibria of complex rods [23–25], sheets
[26] and shells [27–29]. To explore similar effects of incom-
patible curvature on the stability of conical frusta, we fabri-
cate elastic RCF with controlled overcurvature by redesigning
the negative mold (# 1, Fig. 4A) to include an extra wedge of
angle 휓 , thus yielding samples with a portion of shell miss-
ing. These incomplete shells are molded with natural base
radii푅푛(휓) ≡ 푅∕(1−휓∕2휋), and then glued closed to radius
푅 by bringing the free edges together and curing additional
silicone elastomer applied to the seam. This introduces an
internal pre-stress due to the curvature mismatch, or ‘overcur-
vature’, quantified as
푂(휓) ≡ 1 − 푅
푅푛(휓)
= 휓
2휋
. (1)
Introducing pre-stress in this manner slightly increases
the dimensions in the axial direction (by < 10%), but
offers a simple mechanism for encoding overcurvature
in samples with otherwise similar geometry (푅, 푡, 푡푐 ,
훼, ℎ). To study this effect, we program RCF in the
previously explored parameter space, but now with 푂 ≡
0.08 (휓 = 30표), 0.13 (45표), 0.17 (60표), 0.21 (75표) and 0.25 (90표),
and measure their stability in the bent state.
A reliable test of stability in the bent state requires a
change in tilt angle 휃 during force-displacement measure-
ments (Fig.4B). We allow for this tilt using linear displace-
ment along the axial (z) direction of an indenter placed at the
edge of the shell and allowed to slide freely in the radial (r)
direction (see SI for CAD schematics and details). Using this
non-axial indentation setup, we revisit the scaled Pop Toob
geometry (ℎ1 = 6 mm, 훼1 = 45표), but now with controlledamounts of overcurvature. As shown in Fig.4B, all samples
initially show a similar force response: an initial linear regime
followed by a peak in force at Δ푧 ≈ 2 mm. Subsequent in-
dentation reveals the effect of overcurvature. Samples with
푂 = 0.17 and 0.25 clearly undergo a snap-through transition
to a stable bent state, whereas those with lower overcurvature
(푂 = 0.08, 0.13) follow a similar force response to the con-
trol sample lacking overcurvature (see Movie M3). Follow-
ing this successful attempt at introducing stability in the bent
state for one geometry via pre-stress, we re-investigate the pa-
rameter space in Fig.2C. We fabricate each geometry in an
overcurved state corresponding to 푂 = 0.21, and find that all
samples with ℎ1 ≥ 6 mm and 훼1< 60표 exhibit stability in thebent state upon introduction of overcurvature (denoted by ▮ ,
Fig. 4C). Samples with lower values of ℎ1, or 훼1 = 60표, showno change in stability even at the highest level of overcurvature
tested (푂 = 0.25). The partially inverted bent state, whenever
stable, is azimuthally degenerate and can be reconfigured in
any direction, with the exception of positions near the glued
seam where symmetry is broken. Interestingly, samples that
initially lacked axial bistability did not gain it through overcur-
vature, again highlighting that the fundamental requirements
for stability in inverted and bent states may be different.
4Figure 4. Introducing overcurvature in RCF : (A) Redesigned three-part molds for fabricating RCF with a wedge of arc angle 휓 missing.
(B) The molded sample with natural radius 푅푛 is glued by curing uncrosslinked polymer to the intended radius 푅, introducing a controlledovercurvature 푂(휓). (C) Response of samples with ℎ1 = 6mm, 훼1 = 45표, 훼2 = 35표 and varying 푂 for a non-axial point load. Shaded regionsshow the max/min values around the mean for two runs each on two different samples. (D) A state diagram matching that in Fig. 2C, but now
with pre-stress corresponding to 푂 = 0.21, demonstrating that stability in the bent state ( ▮ ) is induced.
A SIMPLE MODEL TO CAPTURE THE EFFECTS OF
GEOMETRICAL FRUSTRATION ON STABILITY
The creation of new metastable energy minima through
frustration is a well known concept, as embodied in canonical
examples such as the Ising model on a triangular lattice [30].
To understand how a geometric incompatibility such as over-
curvature can lead to multistability, we consider a toy model
that captures key qualitative features of RCF . This takes the
form of a planar four-bar linkage with two torsional springs
(Fig.5A) between a rigid ground link (length 2푅, dashed) and
two rigid crank links (length푊 , shades of red) that prefer rest
angles 휏푙 = 훼2 and 휏푟 = (휋−훼2), on the left and right, respec-tively. Incompatibility is introduced through the disagreement
between these rest angles and the length of the rigid floating
link (푅−푊 cos 훽, in blue). This seeks to impose a ‘cone’ an-
gle 훽 different than that of the torsional springs (훼2). Our pa-rameter space is spanned by this mismatch 훽−훼2, the original‘cone’ angle 훼2, and the width푊 encoded in the length of thecrank links. The possible stable states for this model are the
extended state (e) and those obtained from it by full inversion
about the ground link to a collapsed (c) state or partial inver-
sion to yield a pair of bent states (e). Four-bar linkages with a
single torsional spring were examined by Jensen and Howell,
who found conditions for bistability of such structures [31]. A
second torsional spring allows for the introduction of frustra-
tion or pre-stress, and has also been studied for bistable [32]
and tristable [33] four-bar linkages, as pseudo-rigid models of
compliant mechanisms.
For our model, we can write the Lagrangian as (complete
derivation in SI),
 =1
2
퐾푟(휏푙 − 훼2)2 +
1
2
퐾푟(휋 − 휏푟 − 훼2)2+
휆[(2푅 +푊 cos 휏푟 −푊 cos 휏푙)2 + (푊 sin 휏푟 −푊 sin 휏푙)2
− (2푅 − 2푊 cos 훽)2], (2)
where 퐾푟 is a spring constant and 휆 a multiplier keeping thecrank links at the ends of the floating link. We examine this
Lagrangian for incompatibilities 훽 − 훼2 > 0 (analogous toovercurvature) and rest angles 0 ≤ 훼2 ≤ 휋∕2, as shown inFig.5B. We observe one, two, three, or four stable configura-
tions corresponding to the extended, collapsed, and the pair
of bent states.
While the overall behavior is not simple, the general trends
are that an increase in geometric incompatibility stabilizes ad-
ditional states, and that some incompatibility is required to
achieve stability in the bent state (b), while stability in the
extended (e) or collapsed (c) states can be achieved at zero
mismatch. The choice of width푊 shifts the stability regions,
but does not have much of a qualitative effect. The manner
in which new states and barriers emerge in the energy land-
scape is shown in the SI. Incompatibility induced stabiliza-
5Figure 5. Incompatible four-bar system: (A) Construction, possi-
ble extended, collapsed, and bent states of an incompatible rigid four-
bar linkage and torsional spring model. (B) Stability of the model for
a given link geometry as a function of rest angle and incompatibility.
tion of bent states can be understood by considering a linkage
with rest angles 훼2 approaching 0, corresponding to a nearlyflat cone. Incompatibility in the form of a large floating bar
requires deviation from flatness, which is penalized quadrat-
ically in the spring energies, approximately 휏2푙 +
(
휋 − 휏푟
)2
for a nearly-flat cone. Since the magnitudes ||휏푙|| and ||휋 − 휏푟||are both smaller in the bent state than in either the extended or
collapsed states, the bent state becomes the ground state. This
region of mechanical stability of the bent state should persist
in distorted form as the rest angles increase from zero.
IN-SITU ANALYSIS OF DEFORMATION PATHWAY FOR
ELASTIC RCF
We return to the 3D shell structures to experimentally char-
acterize their energy landscape by capturing the 3D profile of
elastic RCF in situ during deformation using X-ray CT (IVIS
SpectrumCT, Perkin Elmer, USA). Tomograms are recorded
quasi-statically by fixing the sample in a deformed state using
a custom harness, capable of imparting non-axially symmetric
deformation in steps ofΔ푧 ≈ 0.1−1 mm (see Fig.6A). Curva-
ture analysis on these 3D reconstructions provides Gaussian
() and mean (퐻) curvatures in the shells, details of which
can be found in the SI. For thin conical shells, the presence of
Gaussian curvature can be taken as a proxy for stretching, a
costlier deformation pathway compared to bending.
To compare non-axial deformation with and without
overcurvature, we plot  projected onto the surface of
Figure 6. Non-axial deformation of RCF in natural overcurved
states: (A) Schematics of the 3D printed harness for in situ X-ray CT
studies. Side views of control (푂 = 0) and overcurved (푂 = 0.17)
RCF shells at similar levels of tilt angle 휃 are also shown, with 
projected. (B)  during non-axial loading for control [top row] and
overcurved [bottom row] shells, as viewed from the top. Both shells
possess similar geometrical parameters (ℎ1 = 6 mm, 훼1 = 45표), yeta higher magnitude of  is seen for the overcurved sample in the
intermediate state.
RCF (ℎ1 = 6 mm, 훼1 = 45표) fabricated with 푂 = 0 and
푂 = 0.17. In Fig.6B, we compare tomograms in undeformed
(휃 = 0표), intermediate (휃 ≈ 5표), and bent (휃 ≈ 10표) states. As
expected in the undeformed state, we observe  = 0 in the
conical regions and  < 0 in the highly curved region where
the cones attach to each other (see Fig.2A). Upon indentation
to 휃 ≈ 5표, buckled regions with a higher concentration of 
(‘crests’ marked with black and gray arrows) are seen near the
point of indentation (red arrow). Throughout the deformation
pathway, overcurvature leads to an increase in both the num-
ber of discernible crests and an increase in the magnitude of
associatedwith each crest (see side views). Indenting the sam-
ple further to 휃 ≈ 10표 brings both of the RCF to the partially
inverted configuration, though only the overcurved sample is
stable in this bent state. The higher number of crests in the
overcurved sample remains consistent throughout the entire
non-axial indentation, supporting the idea that overcurvature
increases the energetic cost of intermediate states enough to
create an energy barrier that allows for stability in the partially
inverted bent state.
ADDITIVE MANUFACTURING OF PLASTIC RCF
Finally, we present a simple protocol for fabrication of over-
curved RCF out of viscoelastic polymers. Notably, the resid-
ual stress in an overcurved Pop Toob is lost when it is left in
6an extended state for more than ≈ 1-2 days. Conversely, one
can imagine harnessing viscoelastic behavior to induce over-
curvature. As a proof-of-concept, we directly 3D print tiled
RCF using a commercially available poly(urethane) based fil-
ament (Cheetah, NinjaTek, USA, using an Ultimaker 2 Ex-
tended+, Ultimaker, the Netherlands), as shown in Fig.7.
The as-printed RCF lack any overcurvature and are monos-
table. A controlled amount of overcurvature, and resulting
multistability, in these samples can be introduced by con-
straining them into a collapsed state for a fixed duration
(Fig.7C, Movie M4). The critical duration needed to induce
sufficient overcurvature for multistability can be empirically
found for specific materials by measuring the opening angle
after cutting the sample open along the axis (SI, Fig. S5).
Leaving a sample in an uncompressed state for extended times
is sufficient to reverse the process of imparting overcurvature.
This result suggests that the use of viscoelastic relaxation to
impart desired pre-stresses in shells may lead to more direct
and rapid fabrication of more complex multistable structures
from a wider range of materials.
Figure 7. 3D printed RCF : (A) 3D printing of an RCF using
a poly(urethane) based elastomer. (B) Printed single-RCF and tri-
RCF . (C) Fixing the elastomer shell under a collapsed state for ≈ 3
hours introduces a built-in residual stress for NinjaTek Cheetah. (D)
RCF with built-in stress demonstrating stability in the bent state.
CONCLUSIONS
Structures with a high degree of geometric reconfigurabil-
ity have recently garnered interest for use in surgical tools
[34], deployable mechanisms [35] and robotic arms [36]. As a
modular structure, the bendy straw offers an attractive archi-
tecture in such contexts, although the mechanism by which
it supports multiple mechanically stable states has remained
unknown until now. In this report, we explored the mul-
tistability of linked conical shells using experiments and a
mechanical model, and established protocols for fabricating
reconfigurable conical frusta with controlled overcurvature
(pre-stress) in elastic and viscoelastic materials. We have es-
tablished that axial stability between extended and collapsed
states can be achieved through careful selection of geometri-
cal parameters (cone height ℎ1, slant angle 훼1 and thickness
푡), while stability in bent, partially inverted, states requires a
combination of appropriate geometry and sufficient pre-stress.
The effect of overcurvature is to increase the stretching en-
ergy in the intermediate state during non-axial deformation,
thereby providing an energy barrier and rendering the bent
state metastable.
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7SUPPORTINGINFORMATION:
PROTOCOL FOR DESIGNING AND FABRICATING
ELASTIC RCF :
The re-configurable conical frusta (RCF) consist of two
conical frusta inverted with respect to each other, as shown in
Fig.S1. A conical frustum with base radius 푅, height ℎ1 andslant angle 훼1 (corresponding to an aperture angle of 휋−2훼1)constitutes the ‘upper’ frustum. Fixing the slant angle of the
‘lower’ frustum as 훼2 = 훼1 + Δ훼 and the base radius 푅 setsthe cone height to ℎ2 = 푅∕ tan(훼2). The set of curves defin-ing the mid-plane are then shifted laterally by ±푡∕2 on either
side to realize a shell with wall thickness 푡.
Figure S1. RCF geometry: Series of geometric operations neces-
sary to obtain an RCF with given parameters.
Additional geometric operations necessary for fixing the
shell at constant thickness 푡 are performed (Fig.S1), by shift-
ing the bottom-inner walls inwards {by tan(훼1)−tan(훼2)} andcurving the inner portion of both frusta around the central re-
gion. Lastly, the shell walls are ‘creased’ on either end, in the
form of a region around the bases with reduced thickness 푡푐 .Elastic shells with intended geometries are fabricated using
a two-part curable silicone elastomer, poly(vinyl siloxane)
(PVS, Elite Double 32, Zhermack Inc., Italy), by resin cure
molding at room temperature. The 4-part negative molds
with appropriate geometrical parameters are modeled using a
parametric 3D CAD algorithm (Grasshopper plug-in, Rhino,
Robert McNeel Inc., USA) (Fig.S2A). The molds are printed
with poly(acrylonitrile-butadiene-styrene) using a commer-
cial 3D printer (Dimension uPrint SE Plus, Stratasys, USA)
as shown in Fig.S2B.
To cast an RCF geometry, a mold release agent (MR311,
Sprayon, Canada) is first applied to 3D printed molds. A 1:1
(prepolymer:crosslinker) mixture of the PVS ingredients is
introduced into the mold, followed by immediate degassing
Figure S2. (A) CAD model, with indicated assembly for 4-part
molds. (B) 3D printed negative molds used for fabricating RCF with
a room temperature resin-cure molding of poly(vinyl siloxane) elas-
tomer.
Figure S3. Customized indenter-grip combination for a controlled
non-axial deformation of RCF for load-displacement setup (A) and
X-ray CT setup (B). 3D CAD models indicate the railings along
which the indenter can slide freely, converting a linear translation
in the 푧 direction to a controlled tilt angle 휃.
under vacuum for 8-10 min to remove any air bubbles. The
molds are assembled as shown in Fig.S2A, and held under
room temperature for 30 minutes while curing. Finally, the
molds are opened carefully and excess elastomer is removed
from the final cured RCF . Samples with bubbles, irregular
thickness or other defects are discarded. This method proves
to be fairly robust, resulting in shells with 푡 = 0.5± 0.05mm.
CUSTOM INDENTER FOR NON-AXIAL DEFORMATION
Imparting a controlled non-axial deformation to the
RCF geometry poses a considerable challenge, as the point
of contact travels in a curvilinear path. Limited by the ability
to control only the linear translation of the indenter, a custom
indenter-grip is designed for converting this linear translation
in 푧 direction to non-axial tilt. As shown in Fig.S3, a lin-
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Figure S4. Energy landscapes for incompatible 4-bar linkage and torsional spring model. The curves correspond to samples with different
geometrical parameters (cone angle: 훼2 and mismatch: 훽 − 훼2) described in Fig.5 (main text).
early translated indenter pushes on customized grips that hold
the sample. At the point of contact, these grips consist of a
smooth railing, allowing the indenter to slide in the lateral di-
rection (푟), converting the linear translation along the 푧 axis
of the point indenter into a controlled non-axial tilt angle 휃.
FOUR BAR LINKAGE MODEL
We further describe the 4-bar linkage model constructed as
in the main text, Fig.5. We can write the Lagrangian of this
configuration as,
 =1
2
퐾푟(휏푙 − 훼2)2 +
1
2
퐾푟(휋 − 휏푟 − 훼2)2+
휆[(2푅 +푊 cos 휏푟 −푊 cos 휏푙)2 + (푊 sin 휏푟 −푊 sin 휏푙)2
− (2푅 − 2푊 cos 훽)2] (S1)
where the last term quadratically enforces the constraint that
the two ends of the crank links without any springs are the
same distance apart as the floating bar length. Upon variation
of the angles 휏푙 and 휏푟, the resulting Euler-Lagrange equationsare,
퐾푟(휏푙 − 훼2) + 2휆[2푅푊 sin 휏푙 +푊 2 sin(휏푙 − 휏푟)] = 0 (S2)
퐾푟(휏푟 + 훼2 − 휋) + 2휆[−2푅푊 sin 휏푟 +푊 2 sin(휏푟 − 휏푙)] = 0(S3)
Eq.S2 and Eq.S3 can be combined to eliminate the multiplier
휆. Dividing out the only modulus 퐾푟 leaves us with one equi-librium equation and one constraint equation,
(휏푙 − 훼2)(푊 sin(휏푟 − 휏푙) − 2푅 sin(휏푟))+
(휏푟 − 휋 + 훼2)(푊 sin(휏푟 − 휏푙) − 2푅 sin 휏푙) = 0(S4)
(2푅 +푊 cos 휏푟 −푊 cos 휏푙)2 + (푊 sin 휏푟 −푊 sin 휏푙)2−
(2푅 − 2푊 cos 훽)2 = 0
(S5)
We numerically continue equilibria of these equations
along deformation paths using AUTO 07P [37]. The behavior
of the total energy of the system along these curves provides
stability information.
Fig.S4 shows 4 closed curves corresponding to the energies
of states represented by dots in Fig.5 (main text), with one
link angle 휏푙 as parameter. For all of these curves, state (e),analogous to the extended state of a straw, is always a mini-
mum on the lower right, but not always the ground state. Two
equivalent-energy bent states (b) appear on the green curve,
where they are the ground states, and on the purple curve,
where they are a little bit higher energy than the (e) state. On
all curves, the fully inverted axially symmetric state (c), anal-
ogous to the collapsed state of a straw, is on the upper left. It
is a maximum for the green and red curves and a minimum
9Figure S5. Distribution of Gaussian () and mean (퐻) curvature during axial deformation of RCF with ℎ1 = 10 mm, 훼1 = 45표 and 푂 = 0표:
(A)Measured Gaussian curvature () from X-ray computed tomography data, for axial indentation depths Δ푧. After an initial axisymmetric
deformation regime, we observe periodic buckling of the central region upon axial indentation characterized with an initial mode of 푚 = 5
at Δ푧 = 2.9 mm, gradually depleting due to merging ‘crest’ regions at Δ푧 = 7.9 mm (푚 = 4), 8.9 mm (푚 = 3) and 10.8 mm (푚 = 2),
before regaining an axisymmetry in the isometric state at Δ푧 = 10.9 mm. As clearly seen in color-maps, a majority of Gaussian curvature is
concentrated in the central buckled region. (B) Measured mean curvature퐻 of isometric states at Δ푧 = 0 and 10.9 mm.
for the blue and purple curves.
We can move from the red to the green curve by decreasing
the original cone angle 훼2 and increasing the mismatch 훽−훼2,creating the two partially inverted local minima (b). From
here we can create the collapsed local minimum (c) by either
further increasing the mismatch to move to the purple curve,
or increasing the original cone angle tomove to the blue curve;
in the latter case, we lose the partially inverted states. As can
be seen from Fig.5 (main text), simply increasing mismatch
at fixed original cone angle will eventually stabilize all the
available states, but the order in which this happens depends
on the original cone angle.
UNDERSTANDING DEFORMATION OF RCF THROUGH
CURVATURE ANALYSIS
Curvature measurement by in-situ X-ray CT:
A Perkin Elmer IVIS SpectrumCT imager is used to obtain X-
ray computed tomograms by exposing samples at a 23 mGy
dose through a 120-mil-thick copper foil filter. The result-
ing scans (voxel size 150 휇m) are thresholded accordingly
in ImageJ for generating a 3D image stack for the desired
geometry. To avoid possible interference during curvature
measurement, the outer and inner surfaces of shell are sepa-
rately identified usingMATLAB (Mathworks Inc., USA), and
a 3D point cloud depicting the inner surface is exported to the
Meshlab software package [38]. Therein, following a reduc-
tion of dense point clouds [39], surface curvatures are com-
puted using the algebraic point set surface method [40].
Curvature measurement during axial deformation of RCF :
Curvature evolution during axial deformation is measured for
RCF (ℎ1 = 10 mm, 훼1 = 45표 and 푂 = 0표) indenting the shellquasi-statically with a step size of< 1mm.  is superimposed
on the deformed geometries at various Δ푧 for analysis in
Fig.S5A as seen from below. AtΔ푧 = 0, an expected = 0 is
observed except in the central region, where < 0. Upon fur-
ther indentation, breaking of axisymmetry is observed, similar
to the load-displacement experiments. As marked in Fig.S5A,
this buckled region appears to be periodic at Δ푧 = 2.9 mm,
characterized by a periodicity 푚 = 5. Proceeding through the
next steps of indentation atΔ푧 = 4, 8.9 and 10.8mm, we con-
sistently note two ‘crest’ regions merging into one, changing
the mode from 푚 = 5, to 푚 = 4, 3 and 2 along the each step.
A stable full inversion of the lower frustum restores axial sym-
metry and distribution of atΔ푧 = 10.9mm. 퐻 of isometric
states (Δ푧 = 0 and 10.9) is also plotted in Fig.S5B, demon-
strating the expected inversion in sign.
QUANTIFYING OVERCURVATURE INTRODUCED IN 3D
PRINTED RCF
Controlled amounts of overcurvature in RCF fabricated
through direct 3D printing of poly(urethane) can be intro-
duced as follows. After being printed in an extended state,
the RCF are transferred into a harness that holds the structure
in an axially collapsed position for extended periods of time.
After time 푡, samples are removed from the harness, exam-
ined for multistability and cut open. Similar to Pop toobs, the
3D printed RCF also open radially upon relaxation (Fig.S6).
We measure the opening angle 휓 , and repeat this experiment
for samples that are constrained for different time periods (푡).
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Figure S6. Opening angle 휓 (as proxy of overcurvature) of 3D printed RCF as a function of time spent in an axially collapsed state.
Fig.S6B shows the dependence of opening angle normalized
by the value at 푡 = 72 (휓∞), along with a one-parameter ex-ponential fit. For the poly(urethane) in this study, keeping
RCF (ℎ1 = 10 mm, 훼1 = 45표) in collapsed state for approx-imately 3 h is enough to induce sufficient overcurvature for
stability of the bent state, closely matching the time-scale over
which pre-stress is developed in Fig. S6B.
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Video M1. Load-displacement curves and corresponding images showing deformation of RCF under axial loading. Samples lacking (ℎ1 = 6mm), and exhibiting (ℎ1 = 10 mm) axial bistability are shown. https://streamable.com/sk9sm
VideoM2. Load-displacement curves and corresponding images showing axial deformation of aPop Toobwith its natural curvature, exhibiting
smooth accordian-like deformation, and in the overcurved state, exhibiting multistability. https://streamable.com/fovo7
VideoM3. Load-displacement curves and corresponding images showing non-axial deformation of control (푂 = 0) and overcurved (푂 = 0.17)
RCF with ℎ1 = 6 mm, 훼1 = 45표 and 훼2 = 35표. The control sample lacks stability in the bent state and shows a smaller number and amplitudeof wrinkles in the transition state.https://streamable.com/pr3sk
Video M4. Images showing axial and non-axial loading of 3D printed RCF , revealing a change in stability due to the introduction of over-
curvature. https://streamable.com/o63bi
